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1. BACKGROUND AND RESULTS
 .  41.1 A simplicial complex D on the ¨ertex set V s x , x , . . . , x is a1 2 ¨
 .  4  .collection of subsets of V such that i x g D for every 1 F i F ¨ and iii
s g D, t ; s « t g D. Each element s of D is called a face of D. Let
 .   . < 4a s denote the cardinality of a finite set s . We set d s max a s s g D
and define the dimension of D to be dim D s d y 1. We say that D is pure
 .if a s s d for every maximal face s of D.
Given a subset W of V, the restriction of D to W is the subcomplex
< 4D s s g D s ; WW
 4of D. In particular, D s D and D s B . On the other hand, if s is aV B
 .  .face of D, then we define the subcomplexes link s and star s to beD D
< 4link s s t g D s l t s B, s j t g D .D
< 4star s s t g D s j t g D . .D
 .  .Thus, in particular, link B s star B s D.D D
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˜  .Let H D; k denote the ith reduced simplicial homology group of D withi
˜  .  4the coefficient field k. Note that H D; k s 0 if D / B andy1
0 i G 0 .˜  4H B ; k s .i  k i s y1 . .
 . w x1.2 Let A s k x , x , . . . , x be the polynomial ring in ¨-variables1 2 ¨
over a field k. Here, we identify each x g V with the indeterminate x ofi i
A. Define I to be the ideal of A which is generated by square-freeD
 4monomials x x ??? x , 1 F i - i - ??? - i F ¨ , with x , x , . . . , xi i i 1 2 r i i i1 2 r 1 2 rw xf D. We say that the quotient algebra k D [ ArI is the Stanley]ReisnerD
w xring of D over k. Consult Bru-Her, H , Hoc, Sta for the detailed1
information about Stanley]Reisner rings.
In what follows, we consider A to be the graded ring A s [ AnnG 0
w xwith the standard grading, i.e., each deg x s 1, and may regard k D si
 w x.[ k D as a graded module over A with the quotient grading.nnG 0
 .  . w  .xLet A j , j g Z, denote the graded module A j s [ A j overnng Z
w  .xA with A j [ A . Here Z is the set of integers.n nqj
 . w x1.3 A graded finite free resolution of k D over A is an exact sequence
b bh 1w w w wh 2 1 0 w x0 ª A ya ª ??? ª A ya ª A ª k D ª 0 1 . .  .[ [h 1j j
js1 js1
b i  .of graded modules over A, where [ A ya with each a g Z, 1 F ii ijs1 j j
 .F h, is a graded free module of rank b - ` , and where every w isi i
 w x. w xdegree-preserving. The homological dimension hd k D of k D over A isA
 .  w x.the minimal h possible in 1 . It is known that ¨ y d F hd k D F ¨ .A
wThe second inequality is Hilbert’s syzygy theorem Bru-Her, Corollary
 .x2.2.14 , and the first inequality follows from the Auslander-Buchsbaum
w  .x  .formula Bru-Her, Theorem 1.3.3 . A finite free resolution 1 is called
w xminimal if each b is smallest possible. A minimal free resolution of k Di
wover A exists and is essentially unique. See, e.g., Bru-Her, p. 35; H ,3
xSect. 5 .
We say that a simplicial complex D is Cohen]Macaulay over a field k if
 w x.hd k D s ¨ y d. On the other hand, a simplicial complex D is calledA
  4.Buchsbaum over k if D is ‘‘locally’’ Cohen]Macaulay i.e., link x isD i
.Cohen]Macaulay for every 1 F i F ¨ over k and is pure.
 .  .1.4 Suppose that a finite free resolution 1 is minimal with h s
 w x. A w x. w xhd k D . We say that b s b k D is the ith Betti number of k D overA i i
w  .xA. Hochster’s formula Hoc, Theorem 5.1 guarantees that
bi
˜  .dim H D ; kk aW .y iy1 WA ya ( A ya W 2 .  . .  .[ [i j
js1 W;V
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as graded modules over A. Thus, in particular,
A ˜w xb k D s dim H D ; k 3 .  . . i k aW .y iy1 W
W;V
for every 1 F i F h. Hence D is Cohen]Macaulay over k i.e., b s 0 fori
˜.  .every i ) ¨ y d if and only if H D ; k s 0 for every subsetiyaW . VyW
W ; V and for each i - d y 1.
 .  .A minimal free resolution 1 is called q-linear if a s q y 1 q i fori jw xevery 1 F i F h and 1 F j F b . We say that k D has a q-linear resolutioni
w xif a graded minimal free resolution of k D over A is q-linear. Thus, in
w xparticular, if k D s ArI has a q-linear resolution, then I is generatedD D
by square-free monomials of degree q. We say that a simplicial complex D
w xhas a q-linear resolution over k if k D has a q-linear resolution.
 .1.5 We here summarize some fundamental material on Cohen]
Macaulay complexes. Let D be a simplicial complex of dimension d y 1
 .  .and f D s f , f , . . . , f the f-¨ector of D, i.e., f is the number of0 1 dy1 i
 .  . faces s of D with a s s i q 1. Define the h-¨ector h D s h , h , . . . ,0 1
.h of D byd
d d
dy i dyif x y 1 s h x . iy1 i
is0 is0
w x  w x.with f [ 1. Recall that the Hilbert series of k D s [ k D is they1 nnG 0
 w x . `   w x. . nformal power series F k D , l s  dim k D l in l. Thenns0 k n
h q h l q ??? qh ld0 1 dw xF k D , l s . . d1 y l .
 .  .The h-vector h D s h , h , . . . , h of a Cohen]Macaulay complex D is0 1 d
non-negative, i.e., each h G 0. Every Cohen]Macaulay complex is pure.i
 .Moreover, for each face s of a Cohen]Macaulay complex D, link sD
 .and star s are Cohen]Macaulay.D
If D is a Cohen]Macaulay complex of dimension d y 1 with the
 .  .h-vector h D s h , h , . . . , h , then the non-positive integer0 1 d
<a D [ yd q max i h / 0 4 . i
 .is called the a-in¨ariant of D. In other words, the a-invariant a D of D is
 w x .just the degree of the rational function F k D , l in l.
 .It follows from 1.4 that a Cohen]Macaulay complex D over k of
˜  .dimension d y 1 satisfies H D; k s 0 for every i - d y 1. Moreover, ai
Buchsbaum complex D of dimension d y 1 is Cohen]Macaulay if and
˜  .only if H D; k s 0 for every i - d y 1. On the other hand, given a finitei
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 . dsequence d , d , . . . , d g Z with each d G 0, there exists a simplicial0 1 dy1 i
complex D of dimension d y 1 such that, for an arbitrary field k, D
˜  .is Buchsbaum over k with dim H D; k s d for every 0 F i F d y 1k i i
w xBjo-H .¨
w xAgain, we refer the reader to Bru-Her, H , Hoc, Sta for further1
developments on Cohen]Macaulay complexes.
We are now in the position to state our main results in the paper.
 .1.6 THEOREM. Fix integers t and d with 1 F t - d. Let D be a simplicial
 4complex of dimension d y 1 on the ¨ertex set V s x , x , . . . , x and1 2 ¨
w xk D s ArI the Stanley]Reisner ring of D. Suppose that D is Buchsbaum,D
but not Cohen]Macaulay, and that I is generated by square-free monomialsD
w x  .of degree t q 1. Then k D has a t q 1 -linear resolution if and only if the
following conditions are satisfied:
˜ .  .i H D; k s 0 if i / t y 1;i
 .   4..  .ii a link x F y d y t y 1 for e¨ery 1 F i F ¨ .D i
 .1.7 THEOREM. Let D be a Buchsbaum complex of dimension d y 1 on
 4 w xthe ¨ertex set V s x , x , . . . , x and k D s ArI the Stanley]Reisner ring1 2 ¨ D
of D. Then, for e¨ery integer i with ¨ y d - i F ¨ , we ha¨e
¨ ¨A ˜w xb k D s dim H D ; k . . . i k ¨yiyjy1 /j
js0
 .  .It follows immediately from Theorem 1.7 and, in fact, is well known
that
˜<w x  4hd k D s ¨ y min i H D ; k / 0 j d y 1 y 1 . .  4A i
for an arbitrary Buchsbaum complex D of dimension d y 1.
After summarizing some fundamental techniques in Section 2, our
 .  .proofs of Theorems 1.6 and 1.7 are given in Sections 3 and 4. We
conclude this paper with making a collection of examples in Section 5. See
w xalso Bru-H for a related topic on Cohen]Macaulay partially ordered sets.
2. FUNDAMENTAL TECHNIQUES
 .  .Some basic techniques for the proofs of Theorems 1.6 and 1.7 are
summarized in this section.
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 .2.1 LEMMA. Let D be a simplicial complex on the ¨ertex set V. Fix
X  4.x g V and set D s link x . Then there exists a long exact sequence ofD
¨ector spaces o¨er a field k as
˜ X ˜ ˜0 ª H D ; k ª H D ; k ª H D ; k .  .  .y2 y1 y1 Vy x4
˜ X ˜ ˜ª H D ; k ª H D ; k ª H D ; k .  .  .y1 0 0 Vy x4
ª ???
˜ X ˜ ˜ª H D ; k ª H D ; k ª H D ;k .  .  .iy1 i i Vy x4
ª ??? .
 .Proof. The above long exact sequence is just the degree 0, 0, . . . , 0 g
¨  .Z part, ¨ s a V , of the long exact sequence of local cohomology
w  .x   .modules H , Corollary 14.2 . The referee pointed out that Lemma 2.13
 .can also be seen geometrically. Namely, observe that H# D, D (Vy  x4
  4..  4.  4.H# S link x , where S link x is the suspension of link x . Then,D D D
 .Lemma 2.1 is the long exact sequence in reduced cohomology of the pair
 .  . U  .D, D . Here, the isomorphism H# ; k ( H ; k for homologyVy  x4
.and cohomology of simplicial complexes with field coefficients is applied.
Q.E.D.
 .The above Lemma 2.1 plays an essential role for the computation of
  . .the Cohen]Macaulay type i.e., the ¨ y d th Betti number of a Cohen]
w xMacaulay complex, see H .2
 .2.2 LEMMA. Let D be a Cohen]Macaulay complex of dimension d y 1
˜  .on the ¨ertex set V. Then H D ; k s 0 for e¨ery subset W of V and fori VyW
 .each i - d y 1 y a W .
˜ .  .Proof. Thanks to 1.4 , we know H D ; k s 0 for every sub-iyaW . VyW
˜  .set W of V and for each i - d y 1. Hence, H D ; k s 0 for everyj VyW
 .subset W of V and for each j - d y 1 y a W as desired. Q.E.D
 .The proof of the following Lemma 2.3 contains some standard tech-
niques in the study of minimal free resolutions of Stanley]Reisner rings of
Cohen]Macaulay complexes.
 .2.3 LEMMA. Suppose that D is a Cohen]Macaulay complex of dimen-
 .sion d y 1 on the ¨ertex set V. Fix 0 F r g Z and let a D be the a-in¨ariant
˜ .  .  .of D defined in 1.5 . Then a D F yr if and only if H D ; k s 0 forj W
e¨ery subset W of V and for each j ) d y r y 1.
 .  .Proof. Let ¨ s a V and suppose that a finite free resolution 1 with
w xh s ¨ y d is a minimal free resolution of k D over A. We define
 < 4  < 4c s min a 1 F j F b and e s max a 1 F j F b for each 1 F i F h.i i i i i ij j
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 .Then 0 - c - c - ??? - c since 1 is minimal. Moreover, it is known,1 2 h
w xe.g., E-G, p. 128 that 0 - e - e - ??? - e since D is Cohen]Macaulay1 2 h
over k. Hence
bh i
¨ i ai jw x1 y l F k D , l s 1 q y1 l .  . .  
is1 js1
 w  .x.cf. Bru-Her, Lemma 4.1.3 is a polynomial in l of degree e . Here,h
 w x . w x  .F k D , l is the Hilbert series of k D . Thus a D s y¨ q e . Henceh
˜ .  .a D F yr if and only if e F ¨ y r. Now, suppose that H D ; k s 0h j W
for every subset W of V and for each j ) d y r y 1. Thus, in particular,
˜  .  .  .H D ; k s 0 if a W ) ¨ y r. Hence, by Eq. 2 , e F ¨ y r.aW .y¨yd .y1 W h
On the other hand, if e F ¨ y r, then e F d y r q i. Hence, again byh i
˜ ˜ .  .  .  .Eq. 2 , H D ; k s 0 if a W ) d y r q i. Thus H D ; k s 0aW .y iy1 W j W
for every subset W of V and for each j ) d y r y 1 as required. Q.E.D.
 .3. PROOF OF THEOREM 1.6
 .First, we recall our situation of Theorem 1.6 . Fix integers t and d with
1 F t - d. Let D be a simplicial complex of dimension d y 1 on the vertex
 4 w xset V s x , x , . . . , x and k D s ArI the Stanley]Reisner ring of D.1 2 ¨ D
Suppose that D is a Buchsbaum complex which is not Cohen]Macaulay
and that the ideal I is generated by square-free monomials of degreeD
t q 1.
 . w x  .By virtue of Eq. 2 , the Stanley]Reisner ring k D has a t q 1 -linear
resolution if and only if, for every subset W of the vertex set V, we have
˜  . w x  .H D ; k s 0 if i / t y 1. Thus, in particular, if k D has a t q 1 -lineari W
˜ ˜ .  .resolution, then H D; k s 0 if i / t y 1. Moreover, H D; k / 0 sincei ty1
D is Buchsbaum but not Cohen]Macaulay.
 . X  4.  X. 3.1 LEMMA. Fix x g V and let D denote link x . Then a D F y dD
˜ X.  .y t y 1 if and only if H D ; k s 0 for e¨ery subset W of V and for each ii W
with i / t y 2, i / t y 1.
Proof. Since the subcomplex DX is Cohen]Macaulay of dimension
 .  X.  .d y 2, thanks to Lemma 2.3 , a D F y d y t y 1 if and only if
˜ X .  . H D ; k s 0 for every subset W of V and for each i ) d y 1 y d y ti W
.  4y 1 y 1 s t y 1. On the other hand, every subset t of V y x with
X ˜ X .  .a t F t y 1 belongs to D , thus H D ; k s 0 if W ; V and i - t y 2.i W
X ˜ X .  .  .Hence a D F y d y t y 1 if and only if H D ; k s 0 for every subseti W
W of V and for each i with i / t y 2, i / t y 1 as required. Q.E.D.
w x  .Now, suppose that k D has a t q 1 -linear resolution. Fix x g V and
X ˜ 4.  .let D denote the subcomplex link x . Since H D ; k s 0 for everyD i W
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subset W of V and for each i / t y 1, replacing D with D in the longW j  x4
˜ X .  .exact sequence of Lemma 2.1 , we obtain H D ; k s 0 for every subseti W
 .W of V and for each i with i / t y 2, i / t y 1. Hence, by Lemma 3.1 ,
 X.  .a D F y d y t y 1 as desired.
  4..  .On the other hand, suppose that a link x F y d y t y 1 for everyD
˜ ˜ .  .x g V and that H D; k s 0 if i / t y 1. We show that H D ; k s 0 fori i W
each i / t y 1 and for every subset W of V. Let W be a subset of V with
˜  .W / V and suppose that H D ; k s 0 for every x g V y W and fori W j  x4
X ˜ X 4.  .each i / t y 1. Let x g V y W and D s link x . Since H D ; k s 0D i W
 .   4.if i / t y 2, i / t y 1 by Lemma 3.1 and noting that link x sD  x4W j
X X ˜.  .  .D s D , thanks to Lemma 2.1 , we obtain H D ; k s 0 if i / tW j  x4 W i W
 .y 2, i / t y 1. Moreover, since every subset s of W with a s F t is a
˜ ˜ .  .face of D , we have H D ; k s 0 for each i - t y 1. Thus H D ; k sW i W i W
w x  .0 if i / t y 1. Hence k D has a t q 1 -linear resolution.
w  . x  .Remark. By virtue of Sta, Theorem 7.1 , p. 80 , the condition ii in
 .Theorem 1.6 is equivalent to the following: If s is a non-empty face of D
 .   ..   ..with a s - d y t, then x link s s 0. Here, x link s is the re-˜ ˜D D
 .duced Euler characteristic of link s .D
 .4. PROOF OF THEOREM 1.7
Let D be a Buchsbaum complex of dimension d y 1 on the vertex set
 4 w xV s x , x , . . . , x and k D s ArI the Stanley]Reisner ring of D over1 2 ¨ D
 .  .k. Our Theorem 1.7 follows immediately from Lemma 4.1 below, which
 .is a result among the various consequences of Lemma 2.1 , together with
 .the formula 3 .
˜ ˜ .  .  .4.1 LEMMA. H D; k ( H D ; k for e¨ery subset W of V and fori i VyW
 .each i - d y 1 y a W .
X  4. XProof. First, fix x g V and let D s link x . Since D is Cohen]D
˜ X .Macaulay of dimension d y 2, we have H D ; k s 0 for every i - d y 2.i
˜ .  .Thus, the long exact sequence of Lemma 2.1 guarantees H D; k (i
˜  .  .H D ; k for every i - d y 2. Now, let a W ) 1 and fix y g W. Seti Vy x4
X ˜ ˜ 4  .  .XW s W y y , and we may assume that H D; k ( H D ; k for eachi i VyW
 X.  . X  4.i - d y 1 y a W s d y a W . Let D s link y . Then, by LemmaD
˜ X X .  .  .  .X2.2 , H D ; k s 0 for each i - d y 2 y a W s d y 1 y a W .i VyW
 .XThus, if we replace D with D and x with y in Lemma 2.1 , thenVyW
˜ ˜ ˜ .  .  .  .XH D ; k ( H D ; k for each i - d y 1 y a W . Hence H D; ki VyW i VyW i
˜  .  .( H D ; k for each i - d y 1 y a W as required. Q.E.D.i VyW
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 .  .We now turn to the proof of Theorem 1.7 . By virtue of the formula 3 ,
we have
A ˜w xb k D s dim H D ; k . . . i k ¨ya W .y iy1 VyW
W;V
Moreover, if i ) ¨ y d then
¨ y a W y i y 1 - d y 1 y a W , .  .
thus
˜ ˜H D ; k ( H D ; k .  .¨ya W .y iy1 VyW ¨ya W .y iy1
 .by Lemma 4.1 . Hence, for each i ) ¨ y d, we obtain
A ˜w xb k D s dim H D ; k . . i k ¨ya W .y iy1
W;V
¨ ¨ ˜s dim H D ; k , . k ¨yiyjy1 /j
js0
as desired.
5. SOME EXAMPLES
 .5.1 Let D be a Cohen]Macaulay complex of dimension d y 1 on the
 4 w xvertex set V s x , x , . . . , x and k D s ArI the Stanley]Reisner ring1 2 ¨ D
w xof D. Then k D has a q-linear resolution if and only if every subset s of
 .  .  .  .V with a s - q belongs to D and a D s y d y q q 1 . Let f D s
 .  .  .f , f , . . . , f be the f-vector and h D s h , h , . . . , h the h-vector0 1 dy1 0 1 d
 . w xof D defined in 1.5 . Then k D has a q-linear resolution if and only if
¨ .f s for every i F q y 2 and h / 0, h s ??? s h s 0. In otheri qy1 q di q 1
¨ y d q i y 1w x  .words, k D has a q-linear resolution if and only if h s fori i
w xevery 1 F i F q y 1 and h s ??? s h s 0. Thus, in particular, k D hasq d
 .  .a 2-linear resolution if and only if h D s 1, ¨ y d, 0, . . . , 0 .
 .  w x.5.2 Let D be the simplicial complex cf. Rei on the vertex set
 4  4  4  4V s 1, 2, 3, 4, 5, 6 whose maximal faces are 1, 2, 4 , 1, 2, 6 , 1, 3, 4 ,
 4  4  4  4  4  4  4  .1, 3, 5 , 1, 5, 6 , 2, 3, 5 , 2, 3, 6 , 2, 4, 5 , 3, 4, 6 , and 4, 5, 6 . If char k /
 .  .2, then D is Cohen]Macaulay over k with h D s 1, 3, 6, 0 . Hence
w x  .k D s ArI has a 3-linear resolution. On the other hand, if char k s 2,D
 .then D is not Cohen]Macaulay but Buchsbaum , and a minimal free
w xresolution of k D over A is not linear.
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 .5.3 Let D be a Cohen]Macaulay complex of dimension d y 1 on the
 4  .vertex set V s x , x , . . . , x and suppose that a finite free resolution 11 2 ¨
w x A w x.of k D over A is minimal with h s ¨ y d. Let B k D , 1 F i F ¨ y d,i
 < 4denote the set s g Z a s s q i for some 1 F j F b . Then, it followsi ij
from the inequalities c - c and e - e , 1 F i - h, in the proof ofi iq1 i iq1
 . A w x.  4Lemma 2.3 that B k D ; 1, 2, . . . , d for every 1 F i F ¨ y d. Thus,i
w x A w x.in particular, k D has a q-linear resolution if and only if B k D si
 4q y 1 for every 1 F i F ¨ y d.
 .  .Let D be a Cohen]Macaulay complex of dimension d y 1 q 1 G 2
 .on the vertex set V with a V s ¨ q 1 such that, for each x g V, there
w xexists a maximal face s of D with x f s . Suppose that k D has a 2-linear
˜  .resolution and let W be a subset of V with H D ; k / 0. FixaW .y¨yd .y1 W
X  <  . 4x g V y W and define D s s g D a s F d and x f s . It follows
w x Xfrom, e.g., H , p. 39 that D is a Cohen]Macaulay complex of dimen-3
X  4  X .sion d y 1 on the vertex set V s V y x with a V s ¨. Since
˜ ˜ X X .  .H D ; k ( H D ; k for every subset W of V withaW .y iy1 W aW .y iy1 W
 . A w X x.  4  4a W - d q i, we have B k D l 1, 2, . . . , d y 1 s 1 for every 1 Fi
i F ¨ y d. Moreover, since x f s for some maximal face s of D, we have
A w X x. A w X x.  4d g B k D . Thus B k D s 1, d for every 1 F i F ¨ y d.1 i
Fix ¨ and d with ¨ ) d G 2. Then, it might be of interest to find all
 4subsets S of 1, 2, . . . , d such that there exists a Cohen]Macaulay complex
 4D of dimension d y 1 on the vertex set V s x , x , . . . , x with1 2 ¨
A w x.B k D s S for every 1 F i F ¨ y d.i
 .  .5.4 Let D denote the simplicial complex discussed in 5.2 and set
X  4 XD s D y 4, 5, 6 . Then D is Buchsbaum over an arbitrary field k with
X ˜ X .  .  .h D s 1, 3, 6, y1 . We easily see that H D ; k s 0 for i s y1, 0, 2 andi
˜ X .   4..   4..X XH D ; k ( k. Moreover, a link j s 0 for j s 1, 2, 3, and a link j1 D D
s y1 for j s 4, 5, 6. Since the ideal I X is generated by square-freeD
 . w X x Xmonomials of degrees 3, thanks to Theorem 1.6 , k D s ArI has aD
3-linear resolution with the Betti numbers b s 11, b s 18, b s 9, and1 2 3
w  4.xXb s 1. Note that k link j has a 2-linear resolution for j s 4, 5, 6,4 D
w  4.xXhowever, k link j does not have a linear resolution for j s 1, 2, 3.D
 .  X.5.5 Let D resp. D denote the simplicial complex on the vertex set
 4  4  4  4V s 1, 2, 3, 4, 5, 6, 7, 8 whose maximal faces are 1, 2, 4 , 2, 3, 4 , 5, 6, 8 ,
 4   4  4  4  4  4.and 6, 7, 8 resp. 1, 2, 3 , 4, 5, 8 , 4, 7, 8 , 5, 6, 8 , and 6, 7, 8 . Then,
X ˜ ˜ X .  .both D and D are Buchsbaum with H D; k s H D ; k ( k and0 0
˜ ˜ X .  . XH D; k s H D ; k s 0 for every i / 0. Moreover, both I and I arei i D D
  4..generated by square-free monomials of degree 2. Since a link j s y2D
  4..  .for j s 1, 3, 5, 7 and a link j s y1 for j s 2, 4, 6, 8, by Theorem 1.6 ,D
w x w X xk D has a 2-linear resolution. On the other hand, k D does not have a
  4..linear resolution since a link 8 s 0.D
 .5.6 We give an example of a Buchsbaum complex with a linear
 .resolution for ¨ s 7, d s 4, and t s 2 in the notation of Theorem 1.6 .
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 4Let D be the simplicial complex on the vertex set V s 1, 2, 3, 4, 5, 6, 7
 4  4  4  4which has the maximal faces 1, 2, 3, 4 , 2, 3, 4, 5 , 3, 4, 5, 6 , 4, 5, 6, 7 ,
 4  4  4  .5, 6, 7, 1 , 6, 7, 1, 2 , and 7, 1, 2, 3 . Then, the f-vector of D is f D s
 .  .  .7, 21, 21, 7 and the h-vector of D is h D s 1, 3, 6, y4, 1 . The ideal I isD
generated by 125, 236, 347, 451, 562, 673, 714, 135, 246, 357, 461, 572, 613,
X  4.  4  4  4and 724. The maximal faces of D s link 1 are 2, 3, 4 , 2, 3, 7 , 2, 6, 7 ,D
 4 X  X.  .and 5, 6, 7 . Hence D is Cohen]Macaulay with h D s 1, 3, 0, 0 and
 X.   4. Xa D s y2. Note that link j is isomorphic to D for every 1 - j F 7.D
w X x . Moreover, k D has a 2-linear resolution. Thus D is Buchsbaum but not
˜.  .Cohen]Macaulay since h - 0 . Let d denote dim H D; k . Then3 i k i
 .  .  .d , d , d , d s 0, 1, 0, 0 . Hence, thanks to Theorem 1.6 , the0 1 2 3
w xStanley]Reisner ring k D s ArI has a 3-linear resolution with the BettiD
numbers b s 14, b s 28, b s 21, b s 7, and b s 1.1 2 3 4 5
Given integers d and t with d ) t G 1, it would be of interest to find a
 .Buchsbaum complex of dimension d y 1 with a t q 1 -linear resolution.
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